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All graphs considered are simple. There are several classical results on the dicycle (i.e., directed cycle)
and score (i.e., outdegree) structures of tournaments and multipartite tournaments. In this article, the
authors prove extensions of such results to graphs obtained by blowing up vertices to independent sets.
More precisely, given a connected simple graph G on n vertices and a tuple (p1, . . . , pn) of positive
integers, the graph extension (or G vertex-multiplications) G(p1, . . . , pn) is the graph whose vertex set is
partitioned into independent sets V1, . . . , Vn of sizes p1, . . . , pn, respectively, with edges between x ∈ Vi

and y ∈ Vj precisely when ij ∈ E(G).
Let G be a graph, (p1, . . . , pn) be a tuple of positive integers, and Si = (si,j)pi

j=1 be weakly increasing
sequences of non-negative integers for 1 ≤ i ≤ n. The first result states that S1, . . . , Sn form the score
sequences of some orientation of G(p1, . . . , pn) if and only if for every tuple (k1, . . . , kn) ̸= (p1, . . . , pn) of
non-negative integers such that ki ≤ pi for all 1 ≤ i ≤ n, we have

n∑
i=1

pi∑
j=1

si,j =
∑
u<v

uv∈E(G)

pupv,

and
n∑

i=1

ki∑
j=1

si,j ≥
∑
u<v

uv∈E(G)

kukv.

This is a generalization of the results of H. G. Landau [Bull. Math. Biophys. 15, 143–148 (1953; doi:
10.1007/BF02476378)] and J. W. Moon [Can. Math. Bull. 5, 51–58 (1962; Zbl 0104.00804)] on score
sequences of tournaments and multipartite tournaments. As a corollary, it is shown that the score lists of
an orientation of a graph extension determine its strong component decomposition completely.
The next result extends a result of K. S. Bagga and L. W. Beineke [Czech. Math. J. 37(112), 323–333
(1987; Zbl 0626.05019)] on realizing the score lists of bipartite tournaments to orientations of graph
extensions G(p1, . . . , pn) under the condition that the parent graph G has a vertex r whose neighbors are
mutually nonadjacent and have identical neighborhoods in G. In particular, this applies to extensions of
trees by choosing r to be a leaf. The authors pose as an open problem the question of whether the result
holds even when no such vertex r exists.
The next result says that a dicycle exists in an orientation D of G(p1, . . . , pn) if and only if it contains
a pure dicycle (a chordless cycle that visits each part of G(p1, . . . , pn) at most once) or a 4-dicycle.
This generalizes a theorem of W. D. Goddard et al. [J. Comb. Theory, Ser. B 52, No. 2, 284–300 (1991;
Zbl 0736.05040)]. The authors also prove a generalisation of a theorem of K. S. Bagga [Some structural
properties of bipartite tournaments. Purdue University (PhD Thesis) (1984)], which characterizes acyclic
bipartite tournaments by the absence of 4-dicycles, to orientations D of G(p1, . . . , pn) that contain no
dicycles whose underlying partite graph is a tree. The section closes with the result that if D is an
orientation of G(p1, . . . , pn) such that

∑
u∈V (D) s2

u is maximum among all orientations, then D is acyclic;
for tournaments this maximum characterizes the transitive tournament.
Lastly, the authors prove some results on the enumeration of acyclic multipartite tournaments. They show
that acyclic n-partite tournaments are precisely those isomorphic to Dn

X , the digraph on a set X ⊂ Z+

with arcs from smaller to larger elements within each congruence class modulo n. This generalizes a result
of S. Das et al. [Discrete Math. 344, No. 9, Article ID 112497, 17 p. (2021; Zbl 1473.05104)] for bipartite
tournaments. Isomorphism of two such tournaments is characterized in four equivalent ways, including
equality of score lists. Lastly, the number of nonisomorphic acyclic orientations of a complete multipartite
graph with given partite sizes is computed explicitly in terms of multinomial coefficients. This generalizes
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a result of Das et al. [loc. cit.] for acyclic bipartite tournaments.
Reviewer: Brahadeesh Sankarnarayanan (Jodhpur)
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